A natural and transparent way is proposed to construct new, manifestly gauge invariant quantities out of gauge dependent quantities occurring in the linearized Einstein equations. It is shown that these new quantities can be identified with physical, i.e., measurable, perturbations to the particle and energy densities. Next, it is shown that the linearized Einstein equations, which contain gauge functions, can be combined in such a way that the resulting equations essentially only contain these new gauge invariant quantities and do not contain any gauge function. In this way, we have arrived at a treatment of cosmological perturbations that is both conceptually transparent and manifestly gauge invariant. The new set of linearized Einstein equations for the new manifestly gauge invariant combinations constitute the main result of this paper.
I. INTRODUCTION
In order to link the density perturbations at the end of the period of inflation and the observed temperature perturbations in the cosmic 2.7 K microwave background radiation, one needs the linearized Einstein equations. These equations, which determine the growth of densities in the expanding universe after the era of inflation, are the main subject of this article. Our final results are contained in the Eqs. (11)- (13) with (219a)-(219c) and (221) .
Mathematically, the problem is very simple, in principle. First, all quantities relevant to the problem are split up into two parts: 'a background part' and 'a perturbation part'. The background parts are chosen to satisfy the Einstein equations for an isotropic universe, i.e., one chooses for the background quantities the Friedmann-Lemaître-Robertson-Walker-solution. Because of the isotropy, the background quantities depend on the time coordinate t only. The perturbation parts are supposed to be small compared to their background counterparts, and to depend on the space-time coordinate x = (ct, x). The background and perturbations are often referred to as 'zero order' and 'first order' * Electronic address: pg.miedema@mindef.nl quantities, respectively, and we will use this terminology also in this article. After substituting the sum of the zero order and first order parts of all relevant quantities into the Einstein equations, all terms that are products of two or more quantities of first order are neglected. This procedure leads, by construction, to a set of linear differential equations for the quantities of first order. The solution of this set of linear differential equations is then reduced to a standard problem of the theory of ordinary, linear differential equations.
A. Historical embedding
The first systematic and extensive study of cosmological perturbations is due to Lifshitz [1, 2, 3] . Almost half a century later, Mukhanov, Feldman and Brandenberger, in their 1992 review article [4] entitled 'Theory of Cosmological Perturbations' mention or discuss more than 60 articles on the subject, and, thereupon, suggest their own approach to the problem. A recent article of Chung-Pei Ma and Bertschinger [5] , entitled 'Cosmological Perturbation Theory in the Synchronous and Conformal Newtonian Gauges' critically reviews the existing literature on the subject, including the work of Mukhanov et al.
For a solid overview of the literature we refer to the references by the aforementioned authors [4, 5] . For a nice historical overview of gauge theories we refer to O'Raifeartaigh and Straumann [6] . An actual linking of inflationary perturbations and observable radiation background anisotropies has been performed by van Tent [7] .
The fact that so many studies are devoted to a problem that is nothing but obtaining the solution of a set of ordinary, linear differential equations is due to the fact that there are several complicating factors, not regarding the mathematics involved, but with respect to the physical interpretation of the solutions. In this article we will try and explain what has been done so far, and we will define, at the same time, new gauge invariant expressions for the physical perturbations to the energy and particle number densities, which are 'better' than other gauge invariant quantities encountered in the literature in the sense that they have the important property that in the non-relativistic limit the linearized Einstein equations reduce to the Poisson equation. More precisely, in the limit of low velocities, the zero order equations remain essentially the same, whereas the first order equations reduce to one single equation, the Poisson equation. We thus find that the Poisson equation is valid in an expanding universe. This result has not been found earlier. See Sec. X.
Let us now explain in some detail what exactly is the complicating factor in any treatment of the linearized Einstein equations.
B. Origin of the problem
At the very moment that one has split up a physical quantity into a zero order and a first order part, one introduces an ambiguity. To be explicit, let us consider the two quantities that play the leading roles in the theory of cosmological perturbations. They are: the energy density of the universe, ε(x), and the particle number density of the universe, n(x). The linearized Einstein equations contain as known functions the zero order functions ε (0) (t) and n (0) (t), which describe the evolution of the background, i.e., they describe the evolution of the unperturbed universe and they obey the unperturbed Einstein equations, and as unknown functions the perturbations ε (1) (x) and n (1) (x). The latter are the solutions to be obtained from the linearized Einstein equations. The subindexes 0 and 1, which indicate the order, have been put between round brackets, in order to distinguish them from tensor indices. In all calculations, products of a zero order and a first order quantity are considered to be of first order, and are retained, whereas products of first order quantities are neglected. Having said all this, we can say where and how the ambiguity mentioned above arises.
The linearized Einstein equations, which, as stated above already, are the equations which determine the first order quantities ε (1) (x) and n (1) (x), do not fix these quantities uniquely. In fact, it turns out that next to any solution for ε (1) and n (1) of the linearized Einstein equations, there exist solutions of the form ε (1) (x) = ε (1) (x) + ψ(x)∂ 0 ε (0) (t), (1a) n (1) (x) = n (1) 
which also satisfy the linearized Einstein equations. Here the symbol ∂ 0 stands for the derivative with respect to x 0 = ct. In the equations (1) the function ψ(x) is an arbitrary but 'small' function of the space-time coordinate x = (ct, x), i.e., we consider ψ(x) to be of first order. We will derive the equations (1) at a later point in this article; here it is sufficient to note that, as (1a) and (1b) show, the perturbations ε (1) and n (1) are fixed by the linearized Einstein equations up to terms that are proportional to an arbitrary, small function ψ(x), usually called a gauge function in this context. Since a physical quantity, i.e., a directly measurable property of a system, may not depend on an arbitrary function, the quantities ε (1) and n (1) cannot be interpreted as the real, physical, values of the perturbations in the energy density or the particle number density. But, if ε (1) and n (1) are not the physical perturbations, what are the real perturbations? This is the notorious 'gauge problem' encountered in any treatment of cosmological perturbations. Many different answers to this question can be found in the literature, none of which is completely satisfactory, a fact which explains the ongoing discussion on this subject. It is our hope that the answer given in the present article will turn out to be the definitive one.
C. New gauge invariant combinations
What we will do in this article is leave ψ(x) undetermined, i.e., we do not choose any particular gauge, but we eliminate the gauge function ψ(x) from the theory altogether. This is not a new idea: many articles have been written in which gauge invariant quantities, i.e., quantities independent of a gauge function are used. What one essentially does in any gauge invariant approach is to try and construct new expressions for the perturbations [like we do in Eqs. (7) ], which are such that ψ(x) disappears from the defining expressions of the physical quantities. These newly defined quantities, the perturbations in energy density and particle number density in our case, are then shown to obey a (new) set of linear equations, not containing the gauge function ψ(x) anymore [see Eqs. (11) and (12) with (219a)-(219c) and (221)]. The new equations follow, by elimination of the old quantities in favor of the new ones, in a straightforward way from the usual linearized Einstein equations, which did contain ψ(x). In this way, the theory is no longer plagued by the gauge freedom that is inherent to the original equations and their solutions: ψ(x) has disappeared altogether, as it should, not with brute force, but as a natural consequence of the new definitions of the perturbations to the energy and the particle number densities.
As noted above, our approach also belongs to the class of gauge invariant cosmological theories, where terms are added to the perturbations in such a way that they become independent of the particular choice of coordinates. However, this can be done, in principle, in infinitely many ways, since any linear combination of gauge invariant quantities is gauge invariant also. Our treatment distinguishes itself from earlier treatments by the fact that our new set of first order equations reduces to the usual nonrelativistic theory in the limit that the three-part of the cosmological fluid velocity four-vector U µ is small compared to the velocity of light. Consequently, our splitting up of the energy density and the particle number density in a zero order and a first order part is such that the first order part reduces to the non-relativistic expression. In other words, our treatment of perturbations is 'around' the classical, Newtonian theory of gravity. By the way, this is not a conditio sine qua non for a treatment of cosmological perturbations to be true, valid or even useful for some particular purpose, but it is a very desirable property. Hence, we do not state that other gauge invariant theories like Bardeen's are wrong. We only say that our approach is better, precisely because of this desirable property. We will come back to this point in Sec. X.
D. Structure of the article
For purely pedagogical reasons, we start this article by looking first at a gauge dependent and thereafter at a gauge independent formulation of electrodynamics, an approach which we borrowed from a 1993 course of Bertschinger [8] . In fact, in Sec. II A, we will recall how in Maxwell's theory the gauge invariant fields E and B are obtained from the non-gauge invariant potentials φ and A. In Sec. II B we define, in Eqs. (7) , the physical perturbations to the energy density, ε gi (1) and the particle number density n gi (1) that we propose in this article. These quantities can be viewed upon as the counterparts in cosmology of the electromagnetic fields in Maxwell's theory. In Sec. II C we summarize our main results. In Sec. II D, we explain how the gauge problem actually arises in cosmology once one chooses to solve the Einstein equations perturbatively, i.e., by means of a series expansion. Furthermore, we show in this Section that the quantities ε gi (1) and n gi (1) , defined in Sec. II B, are gauge invariant. In Sec. II E we further motivate our choice of these new physical perturbations ε gi (1) and n gi (1) by noting that they reduce to the perturbations as they occur in Newton's theory of gravitation, contrarily to what is the case for the perturbations defined in earlier treatments. The proof of this statement is postponed to Sec. X. In Sec. XI we apply our perturbation theory to the case of a radiation-dominated universe and we show that our approach yields small-scale growing density perturbations, in contrast to the decaying density perturbations found in earlier literature. In Secs. XII A and XII B the articles of Bardeen [9] and Mukhanov et al. [4] , both of which are representative for most earlier treatments, are discussed as far as their non-relativistic limit is concerned.
In Sec. III we introduce a particular system of coordinates, the well-known synchronous coordinates, and rewrite the Einstein equations with respect to this particular coordinates. In Sec. IV we restrict the problem of obtaining a solution of the perturbed Einstein equations to universes for which the zero order solution is homogeneous and isotropic, the so-called Friedmann-Robertson-Walker or Friedmann-Lemaître-Robertson-Walker universes. This Section is rather technical: we treat zero order and first order quantities in Secs. IV A and IV B, zero order Einstein equations and conservation laws in Secs. IV C 1 and IV C 2, and, finally, first order equations and conservation laws in Secs. IV D 1 and IV D 2.
In Sec. V the first order equations are split up according to their tensorial character, i.e., whether they are a scalar, a vector or a second rank tensor. The tensorial, the vectorial and the scalar parts of the perturbations, and the equations they should obey, are derived in Secs. V A, V B and V C, respectively. Since, in this article, we are only interested in the energy density and the particle number density, which both are scalar quantities, we only need the scalar equations. In Sec. VI, the scalar equations found in Sec. V C are rewritten and simplified.
A summary of all relevant equations is given in Sec. VII. Sec. VIII is devoted to the perturbations in some thermodynamical quantities related to the energy density and particle number density perturbations. In Sec. IX the scalar equations are rewritten in a manifestly gauge invariant form.
In Appendix A some useful thermodynamic relations are collected. Appendix B is devoted to gauge transformations. In Appendix C we show that in the nonrelativistic limit there remains some gauge freedom, left over from the general theory relativity. Details to the derivations in Sec. IX are given in Appendix D. Finally, Appendix E gives a list of the symbols and notations used in the main text.
II. FROM MATHEMATICAL TO PHYSICAL QUANTITIES
In electrodynamics, a similar problem of nonuniqueness of the solution of the relevant equations is encountered as in cosmology and a similar solution to the problem is found. What we do, in this article, in case of the theory of cosmological perturbations, is closely parallel to what is the standard procedure in Maxwell's theory of electrodynamics. In Maxwell's theory, the 'gauge problem' is encountered if one uses the scalar and vector potentials rather than the electric and magnetic fields. Let us shortly recall the equations of electrodynamics and see how one may construct the physical, gauge invariant quantities E and B from non-physical, gauge dependent quantities φ and A. This procedure will pave the road to the construction and treatment of physical perturbations in cosmology as proposed in the present article, when we will construct, physical, gauge invariant perturbations ε gi (1) and n gi (1) out of ε (1) and n (1) .
A. Electrodynamics as a paradigm for the theory of cosmological perturbations in the theory of general relativity Let us start by considering the Coulomb and Ampère laws, respectively
is the electric charge density and j ≡ j(x) is the electric current density. One may easily check that these equations are invariant under the transformation
where ψ(x) is an arbitrary function. Hence, the solution for φ and A of Eqs. (2), for given source terms ̺(x) and j(x) is not unique. The transformation (3) is called a gauge transformation, and the invariance of the equations (2) under such a transformation is called gauge invariance. The function ψ(x) is called the gauge function associated with the gauge transformation. How can one get rid of the gauge function ψ, and obtain quantities that can be identified with physical quantities? To that end one constructs two new functions, the electric field E and the magnetic field B, according to
In terms of these newly defined functions, the equations (2) can be written
as can be easily verified using the relation ∇ ∧ (∇ ∧ A) = ∇(∇ · A) − ∇ 2 A. Note the properties
which are direct consequences of the equations (4). The Maxwell equations (5) and (6) are independent of the gauge function ψ(x), just like their counterparts (2) , but now the solutions of these equations, E and B, are also independent of ψ(x). Consequently, by a simple switch from φ and A to E and B the dependence on the gauge function ψ(x) has totally disappeared from the scene. We call quantities like E and B physical quantities, since they are directly accessible to experiment, and do not depend on a undetermined gauge function ψ(x). The equations (2) are to be compared with the equations (187)-(188) for the gauge dependent perturbations ε (1) , n (1) , ϑ (1) , 3 R (1) and θ (1) . The equations (3) are to be compared with the equations (191) . The switch to the variables (4) is to be compared with the switch (190) from the gauge dependent variables ε (1) , n (1) , ϑ (1) , 3 R (1) and θ (1) to the gauge invariant quantities ε gi (1) and n gi (1) . Finally, the Maxwell equations (5) are the counterpart of the gauge invariant perturbation equations (218)-(219) or, equivalently, (223)-(224).
B. Gauge invariant quantities
After these introductory remarks, which contain, as far as the Maxwell equations are concerned, nothing but common knowledge, we now return to the theory of perturbations in cosmology. In the existing literature on cosmological perturbations, one has attempted to solve the problem that corresponds to the non-uniqueness of the perturbations ε (1) (1a) and n (1) (1b) in two, essentially different, ways. The first way is to impose an extra condition on the gauge field ψ(x). This is the cosmological counterpart of imposing a condition like the Coulomb gauge ∇ · A = 0 or the Lorentz gauge ∇ · A + ∂ 0 φ = 0 on the fields A and/or φ. Another way to get rid of the gauge field ψ(x) is to take linear combinations of the matter and components of the perturbed metric tensor to construct gauge invariant variables (Bardeen [9] , Mukhanov, et al. [4] ). The latter approach is generally considered better than the one where one fixes a gauge, because it not only leads to quantities that are independent of an undetermined function, as should be the case for a physical quantity, but it also does not rely on any particular choice for the gauge function, and, therefore, has less arbitrariness.
In this article we approach the gauge problem in a Bardeen-or Mukhanov-like way. However, instead of adding terms containing perturbations of the metric tensor field g µν , we add a term that is proportional to (minus) the divergence of the (normalized) cosmological four velocity U µ :
where θ (0) and θ (1) are the background and perturbation part of the covariant four-divergence c −1 U µ ;µ of the cosmological fluid velocity field U µ (x). At first sight, these additional terms are just as mysterious as the terms containing the metric used by Bardeen, and Mukhanov et al. to construct gauge invariant quantities. We will show, however, how they arise quite naturally, and, more importantly, why they are more 'meaningful' than similar terms chosen in earlier treatments.
The equations (7) are the counterparts in the theory of cosmological perturbations of the equations (4) of the Maxwell theory. In Sec. II D, we will show that the new quantities ε gi (1) and n gi (1) do not change if we switch from the old coordinates x µ to new coordinatesx µ according to x µ →x µ + ξ µ (x), i.e., if we use the coordinateŝ
where the ξ µ (x) (µ = 0, . . . , 3) are four arbitrary functions, considered to be of first order, of the old coordinates x µ . In other words, we will first show that
i.e., the newly defined perturbations (7) are independent of ξ µ (x), i.e., gauge invariant. The combinations (7a) and (7b) are not completely obvious indeed, but the proof in Sec. II D that they will be gauge invariant will take away the mystery completely: the above gauge invariant combinations (7) will then even turn out the 'obvious' gauge invariant quantities to study. Before showing this, we round off the present reasoning, the aim of which is to explain our solution of the gauge problem as encountered in the theory of cosmological perturbations, using the good old Maxwell theory as a paradigm. If we transform the linearized Einstein equations with ε (1) (x) and n (1) (x) to the new coordinatesx, (8) , it will turn out that we find equations in which only the zero component of the gauge functions ξ µ (x), (µ = 0, 1, 2, 3), occurs. We will call it ψ(x),
in order to stress the analogy with the Maxwell theory. In cosmology, however, the gauge function ψ(x) is to be treated as a first order quantity, i.e., as a small (or 'infinitesimal') change of the coordinates. If we eliminate -with the help of (7)-the quantities ε (1) (x) and n (1) (x) from the linearized Einstein equations in favor of the new invariant quantities ε gi (1) (x) and n gi (1) (x), we obtain new equations in which the gauge function ψ(x) is absent altogether. Thus, these new equations for the gauge invariant fields ε gi (1) (x) and n gi (1) (x) will turn out to be the counterparts of the equations (5) for the gauge invariant fields E and B of the Maxwell theory. The disappearance of the gauge function is due entirely to the definition of new, gauge invariant quantities: these were E and B in case of the Maxwell theory, and will be ε gi (1) (x) and n gi (1) (x) in case of the theory of cosmological perturbations as we advocate it. The gauge invariant quantities ε gi (1) and n gi (1) could be, in principle, the physical perturbations we are after, since they are independent of the gauge field ψ(x).
It is our claim that they indeed are the physical perturbations we are after, and, moreover that they are 'better' than the gauge invariant combinations proposed by earlier authors on the subject. The basic reason is that in the non-relativistic limit our approach leads, in a manner that is completely straightforward, to a Poisson equation valid in an expanding universe (see Sec. X). This fact is in contrast to what one encounters in earlier papers, as we make explicit in Sec. XII for the classical paper of Bardeen [9] and the more recent paper of Mukhanov, Feldman and Brandenberger [4] , respectively. These authors find in the non-relativistic limit either no Poisson equation at all, but the (useless) identity 0 = 0 [see Eq. (273)], or a Poisson equation that holds true only for a static and empty universe [see Eq. (279a) combined with Eqs. (288) and (289)].
C. Our final results
We obtain (new) equations for our (new) gauge invariant perturbations ε gi (1) and n gi (1) . The equation for ε gi (1) is a simple second order differential equation of the form:
where σ gi (1) is given by the function (221). A dot denotes the derivative with respect to x 0 = ct. The coefficients a 1 , a 2 and a 3 are complicated combinations of ε (0) , n (0) , the spatial curvature 3 R (0) , the Hubble function H and the equation of state p (0) = p(ε (0) , n (0) ) and its partial derivatives, [see Eq. (219)]. After one has solved this equation for ε gi (1) , one can calculate the gauge invariant perturbation to the particle number density with the help of the formula [see Eq. (203)]
where w := p (0) /ε (0) . The equation (11) for ε gi (1) and the expression (12) for n gi (1) are the main results of this paper. With their help one can relate the (measurable) fluctuation in the cosmic background temperature [see Eq. (214)]
to fluctuations T gi (1) (t 0 , x) at a time t 0 at the end of the era of inflation.
In order to get some insight into what these equations imply, we consider one particular case: the flat flrw universe in the radiation-dominated era. Moreover, we consider the contrast functions δ ε and δ n , Eqs. (222), rather than ε gi (1) and n gi (1) . We then find the equation (248b) where others find the equation (250) for the energy contrast function δ ε . The solutions of these equations are, of course, also different. We find the result (258): an oscillating solution with an increasing amplitude. However, the 'standard' result is (261): an oscillating solution with a decaying amplitude.
The only purpose of this article is to present a logical and straightforward derivation of the linearized Einstein equations, culminating in the equations (11), (12) and (13) . It is not our purpose to solve and discuss these equations in detail in the various stages of the evolution of the universe, and analyze the possible cosmological consequences that might be contained in our new equations.
D. Gauge invariant first order perturbations
We now proceed with the proof that ε gi (1) and n gi (1) are gauge invariant. To that end, we start by recalling the defining expression for the Lie derivative of an arbitrary tensor field A α···β µ···ν with respect to a vector field ξ τ (x). It reads
where the semi-colon denotes the covariant derivative. At the right-hand side, there is a term with a plus sign for each lower index and a term with a minus sign for each upper index. Recall also, that the covariant derivative in the expression for the Lie derivative may be replaced by an ordinary derivative, since the Lie derivative is, by definition, independent of the connection. This fact simplifies some of the calculations below. Now, let {x µ } and {x µ = x µ − ξ µ (x)} be two sets of coordinate systems, where ξ µ (x) is an arbitrary -but infinitesimal, i.e., in this article, of first order-vector field. Then the componentsÂ α···β µ···ν (x) of the tensor A with respect to the new coordinatesx µ can be related to the components of the tensor A α···β µ···ν (x), defined with respect to the old coordinates {x µ } with the help of the Lie derivative. Up to and including terms containing first order derivatives one haŝ
For a derivation of this equation, see Weinberg [10] , Chap. 10, Sec. 9.
Note that x in the left-hand side corresponds to a point, P say, of space-time with coordinates x µ in the coordinate frame {x}, while in the right-hand side x corresponds to another point, Q say, with exactly the same coordinates x µ , but now with respect to the coordinate frame {x}. Thus, equation (15) is an expression that relates one tensor field A at two different points of spacetime, points that are related via the relation (8) .
The following observation is crucial. Because of the general covariance of the Einstein equations, they are invariant under general coordinate transformations x → x and, in particular, under coordinate transformations given by (8) . Hence, if some tensorial quantity A(x) of rank n (n = 0, 1, . . .) satisfies the Einstein equations with as source term the energy-momentum tensor T , the quantityÂ(x) = A(x) + L ξ A(x) satisfies the Einstein equations with source termT (x) = T (x) + L ξ T (x), for a universe with precisely the same physical content. Because of the linearity of the linearized Einstein equations, a linear combination of any two solutions is also a solution. In particular, L ξ A, being the difference of A and A, is a solution of the linearized Einstein equations with source term L ξ T . In first order, L ξ A(x) may be replaced by L ξ A (0) (t), where A (0) (t) is the solution for A(t) of the zero order Einstein equations. The freedom to add a term of the form L ξ A (0) (t), with ξ µ (µ = 0, 1, 2, 3) four arbitrary functions of first order, to any solution of the Einstein equations of the first order, is the reason that none of the first order solutions is uniquely defined, and, hence, does not correspond in a unique way to a measurable property of the universe. This is the notorious gauge problem referred to in the introduction of this article. The additional terms L ξ A (0) (t) are called 'gauge solutions'.
Combining (14) and (15) we havê
We now apply the equation (16) to the case that A is a scalar σ, a four-vector V µ and a tensor A µν , respectively,
For the metric tensor, g µν we find in particular, from Eq. (17c),ĝ
where we have used that the covariant derivative of the metric vanishes. Our construction of gauge invariant perturbations totally rest upon these equations for hatted quantities. In case σ(x) is some scalar quantity obeying the Einstein equations, σ(x) can be split up in the usual way in a zero order and a first order part:
where σ (0) (t) is some background quantity, and hence, not dependent on the spatial coordinates. Then (17a) becomesσ
The last term, being a product of the first order quantity ξ µ (x) and the first order quantity ∂ µ σ (1) , will be neglected. We thus find
withσ (1) 
where we used (10) . Similarly, we find from (17b) and
The latter two equations will be used later.
We are now in a position that we can conclude the proof of the statement that ε gi (1) and n gi (1) are gauge invariant. To that end, we now write down the equation (22) once again, for another arbitrary scalar quantity ω(x) obeying the Einstein equations. We then find the analogue of Eq. (22)
The left-hand sides of (22) and (25) give the value of the perturbation at the point with coordinates x with respect to the old coordinate system {x}; the right-hand sides of (22) and (25) contains quantities with the same values of the coordinates, x, but now with respect to the new coordinate system {x}. Eliminating the function ψ(x) from Eqs. (22) and (25) yieldŝ
(26) In other words, the particular linear combination occurring in the right-hand side of (26) of any two quantities ω and σ transforming as scalars under an arbitrary spacetime transformation -of first order, cf. Eq. (8)-is gauge invariant, and, hence, a possible candidate for a physical quantity.
The equation (26) is the key equation of this article as far as the scalar quantities ε (1) and n (1) are concerned. It tells us how to combine the scalar quantities occurring in the linearized Einstein equations in such a way that they become gauge independent. The equation (26) can be used to immediately derive the expressions (7) for the gauge invariant energy and particle number densities.
In fact, let U µ (x) be the four-velocity of the cosmological fluid. In the theory of cosmological perturbations [see Eqs. (179)-(180) and (187)-(188)] there will turn out to be only three scalars, namely
where
is the cosmological particle current four-vector normalized according to U µ U µ = c 2 . These scalars are split up according to
where the background quantities ε (0) (t), n (0) (t) and θ (0) (t) are solutions of the unperturbed Einstein equations. They depend on the time coordinate t only. The relation (26) inspires us to consider the gauge invariant combinations
The question remains what to choose for ω in these three cases. In principle, for ω we could choose any of the following three scalar functions available in the theory, i.e., we could choose ε, n or θ. As follows from (30a) and (30b), the choices ω = ε and ω = n would lead to ε gi (1) (x) = 0 or n gi (1) (x) = 0, respectively. This would mean that perturbations in the energy or the particle number density would show up only in the second order. Apparently, these choices would not be suitable since the perturbations of precisely these quantities are the object of study. We therefore are left with the choice
which implies the equations (7a) and (7b) for the energy and particle number density perturbations, as was to be shown, and, moreover,
The latter equation implies that perturbations in the divergence of the cosmological velocity field θ(x) will only show up in second order. This constitutes no problem, since we are not interested in this quantity. Inserting (31) into (30a) and (30b) we obtain the expressions (7) . Hence, it now has been shown that ε gi (1) and n gi (1) are indeed invariant under the infinitesimal coordinate transformation (8), i.e., that they are gauge invariant.
The linearized Einstein equations we are about to study contain the gauge function ψ(x). If we eliminate ε (1) (x) and n (1) (x) from these equations in favor of ε gi (1) (x) and n gi (1) (x), with the help of the expressions (7), we obtain new equations, which do not depend on ψ(x) at all: all terms with ψ(x) cancel automatically. This could be expected, because the equations should have solutions for ε gi (1) (x) and n gi (1) (x) which are, by construction, independent of the diffeomorphism (8) . Stated differently, the fact that ψ(x) disappears from the linearized perturbation theory is in line with the earlier observation that (7) are gauge independent combinations for arbitrary diffeomorphisms (8) . In Sec. IX we will show in detail how this will happen.
E. Non-relativistic limit of the new gauge invariant combinations
The following question may arise. It is clear now that ε (1) (x) and n (1) (x) are not gauge invariant, but that the new combinations ε gi (1) (x) and n gi (1) (x) are so. Hence, ε (1) (x) and n (1) (x) cannot be physical perturbations, while ε gi (1) (x) and n gi (1) (x) could be physical. But how can one be sure that the particular combinations (7) are indeed the real physical perturbations? The fact that they are gauge invariant is a necessary, but not a sufficient reason. Since, moreover, any linear combination of gauge invariant quantities is a new gauge invariant quantity, it is not clear at all, yet, that the particular combinations (7) are the right ones.
This issue can be settled by considering the nonrelativistic limit, i.e., the limit of low spatial velocities with respect to the speed of light. In this particular case the linearized Einstein equations (216)-(217) imply
where t p indicates the present time, c is the speed of light, G Newton's gravitational constant and ∇ 2 is the usual Laplace operator. This is the well-known Poisson equation of the Newtonian theory of gravity. Hence, in the non-relativistic regime, the mathematical combination ε gi (1) (7a), divided by c 2 , is to be interpreted as the normal, or 'right' physical perturbation of the mass density ̺ (1) , implying that ε gi (1) may be interpreted as the 'right' or physical perturbation in the energy density indeed. Since the non-relativistic limit of another Einstein equation will turn out to imply n gi (1) 
, we see that also n gi (1) (7b) is the right physical perturbation. This answers the question raised at the beginning of this Section with respect to ε gi (1) and n gi (1) : these quantities are, indeed, the physical perturbations we were looking for.
III. THE EINSTEIN EQUATIONS REWRITTEN IN SYNCHRONOUS COORDINATES
As most authors do, we choose a synchronous system of reference. A synchronous system of reference is a system in which the line element for the metric has the form:
The name synchronous stems from the fact that surfaces with t = constant are surfaces of simultaneity for ob-servers at rest with respect to the synchronous coordinates, i.e., observers for which the three coordinates x i (i = 1, 2, 3) remain constant. A synchronous system can be used for an arbitrary space-time manifold, not necessarily a homogeneous or homogeneous and isotropic one. In a synchronous system, the coordinate t measures the proper time along lines of constant x i . From (34) we can read off that (x 0 = ct):
From the form of the line element in four-space, Eq. (34), it follows that minus g ij (t, x), (i = 1, 2, 3), is the metric of a three-dimensional subspaces with constant t. Because of (35), knowing the three-geometry in all hypersurfaces, is equivalent to knowing the geometry of space-time. The following abbreviations will prove useful when we rewrite the Einstein equations with respect to synchronous coordinates:
where a dot denotes differentiation with respect to x 0 = ct. From Eqs. (35)-(36) it follows that the connection coefficients of (four-dimensional) space-time
in synchronous coordinates are given by
From Eq. (38c) it follows that the Γ k ij are also the connection coefficients of (three-dimensional) subspaces of constant time.
The Ricci tensor R µν := R λ µλν is, in terms of the connection coefficients, given by
Upon substituting Eqs. (38) into Eq. (39) one finds for the components of the Ricci tensor
where the vertical bar in Eq. (40b) denotes covariant differentiation with respect to the metric g ij of a threedimensional subspace:
The quantities 3 R ij in Eq. (40c) are found to be given by
Hence, 3 R ij is the Ricci tensor of the three-dimensional subspaces of constant time. For the components R µ ν = g µτ R τ ν of the Ricci tensor (40), we get
where we have used Eqs. (35)-(36). The Einstein equations read
where G µν , the Einstein tensor, is given by
In (44) Λ is a positive constant, the well-known cosmological constant. The constant κ is given by
with G Newton's gravitational constant and c the speed of light. In view of the Bianchi identities one has
hence, since g µν ;ν = 0, the source term T µν of the Einstein equations must fulfill the properties
These equations are the energy-momentum conservation laws. An alternative way to write the Einstein equations (44) reads
Upon substituting the components (43) into the Einstein equations (49), and eliminating the time derivative of κ k k from the R 0 0 -equation with the help of the R i j -equations, the Einstein equations can be cast in the form
is the curvature scalar of the three-dimensional subspaces of constant time. The (differential) equations (50c) are the so-called dynamical Einstein equations: they define the evolution (of the time derivative) of the (spatial part of the) metric. The (algebraic) equations (50a) and (50b) are constraint equations: they relate the initial conditions, and, once these are satisfied at one time, they are satisfied automatically at all times.
The right-hand side of Eqs. (50) contain the components of the energy momentum tensor T µν , which, for a perfect fluid, are given by
where u µ (x) = c −1 U µ (x) is the hydrodynamic fluid fourvelocity normalized to unity: (u µ u µ = 1), ε(x) the energy density and p(x) the pressure at a point x in space-time.
In this expression we neglect terms containing the shear and volume viscosity, and other terms related to irreversible processes. The equation of state for the pressure
where n(x) is the particle number density at a point x in space-time, is supposed to be a given function of n and ε (see also Appendix A for equations of state in alternative forms).
As stated above already, the Einstein equations (50a) and (50b) are constraint equations to the Einstein equations (50c) only: they tell us what relations should exist between the initial values of the various unknown functions, in order that the Einstein equations be solvable. In the following, we shall suppose that these conditions are satisfied. Thus we are left with the nine equations (50c), of which, because of the symmetry of g ij , only six are independent. These six equations, together with the four equations (48) constitute a set of ten equations for the eleven (6 + 3 + 1 + 1) independent quantities g ij , u i , ε and n. The eleventh equation needed to close the system of equations is the particle number conservation law N µ ;µ = 0, i.e.,
[see Eq. (28)] where a semicolon denotes covariant differentiation with respect to the metric tensor g µν . This equation can be rewritten in terms of the fluid expansion scalar defined by Eq. (27c). Using Eqs. (38), we can rewrite the four-divergence (27c) in the form
where the three-divergence ϑ is given by
Using now Eqs. (27c), (38), (41) and (55), the four energy-momentum conservation laws (48) and the particle number conservation law (54), can be rewritten aṡ
andṅ
respectively. Since T 0i is a vector and T ij is a tensor with respect to coordinate transformations in a subspace of constant time, and, hence, are tensorial quantities in this three-dimensional subspace, we could use in (57) a bar to denote covariant differentiation with respect to the metric g ij (t, x) of such a subspace of constant time t.
We conclude this Section with the remark that the constant Λ in Eqs. (49) can be interpreted as a (positive) vacuum energy density together with a vacuum pressure of the opposite sign. In fact, defining
we can rewrite the Einstein equations (49) in the equivalent form
where T tot µν , defined by [see Eqs. (44)],
can be written in the form (52) and (62), we see that T tot µν is the total energy-momentum tensor of the fluid and the vacuum, whereas T µν is the energy-momentum tensor of the fluid alone. The conservation laws (48) are invariant under the replacements ε → ε + ε vac and p → p + p vac , and, hence
Throughout this article we will use the equations with Λ rather than with ε vac and p vac . The Einstein equations (50) and conservation laws (57) and (58) describe a universe filled with a perfect fluid and a (positive) vacuum energy density and a corresponding (negative) vacuum pressure given by Eq. (59). The fluid pressure p is described by an equation of state of the form (53): in this stage we only need that it is some function of the particle number density n and the energy density ε.
It is now time to actually derive the zero and first order Einstein equations. To that end, we expand all quantities in the form of series, and derive, recursively, equations for the successive terms of these series. Furthermore, we will now limit the discussion to a particular class of universes, namely the collection of universes that, apart from a small, local perturbation in space-time, are homogeneous and isotropic, the so-called Friedmann-Lemaître-Robertson-Walker (flrw) universes.
IV. ZERO AND FIRST ORDER EQUATIONS FOR THE FLRW UNIVERSE
Consider space-times which are a continuous collection (foliation) of three-dimensional, space-like slices of spacetime, each of which is maximally symmetric. Expressed in synchronous coordinates, this statement means that we consider spaces with metric g µν given by
whereg ij (x) is the metric of such a three-dimensional maximally symmetric subspace. The minus sign in (64b) has been introduced in order to switch from the conventional four-dimensional space-time with signature (+, −, −, −) to the conventional three-dimensional spatial metric with signature (+, +, +). We write a 2 (t) rather than a(t) for the time dependent proportionality factor in (64b), the so-called scale factor or expansion factor of the universe, for reasons that will become clear later: the scale factor a(t) will turn out to be identifiable in some cases, as the 'radius of the universe', i.e., the slices of the foliation are three-dimensional surfaces in four-space, with radius a(t): see Eq. (87). Essentially, however, we only suppose that the three-part of the metric can be factorized according to (64b), also in case the slices are no surfaces of hyperspheres. We now expand all quantities concerned in series. We will distinguish the successive terms of a series by a subindex between brackets.
where the subindex zero refers to quantities of the unperturbed, homogeneous and isotropic flrw universe. In order to derive the background and first order Einstein equations, we need ancillary quantities, which will also be expanded in series:
In Eqs. (65) and (66) η (η = 1) is a bookkeeping parameter, the function of which is to enable us in actual calculations to easily distinguish between the terms of different orders.
A. Zero order quantities
This Section is concerned with the background or zero order quantities occurring in the Einstein equations.
A tensor in a maximally symmetric space is called maximally form-invariant if its Lie-derivatives with respect to all Killing vectors of the maximally symmetric space vanish. Essentially, this means that the tensor is 'the same' in all directions and at all places, just as the metric of a maximally symmetric space is 'the same' in all directions and all places. It can be proved that the only maximally form-invariant scalar function which exists in a maximally symmetric space is a constant, that the only maximally form-invariant vector in a maximally symmetric space is the null vector, and that the only maximally form-invariant second rank tensor in a maximally symmetric space of dimension N ≥ 3 is proportional to the metric tensor (see Weinberg [10] , Chap. 13). In our case, of a four-dimensional space-time which is a foliation of three-dimensional maximally symmetric spaces, this leads to the following, general, conclusions. A scalar can only be a function of the time and the spatial part A i of a vector A µ is the null vector. Furthermore, the spatial components F ij of a tensor F µν must be proportional to the metricg ij and the components F 0j are identically zero.
In particular, the background energy density ε (0) (t, x), Eq. (65a), a space-time scalar, is independent of the coordinates x = (x 1 , x 2 , x 3 ) of the maximally symmetric subspace. Similarly, the background particle number density n (0) , Eq. (65b), the background pressure p (0) , Eq. (65c), and the fluid expansion scalar θ (0) , Eq. (65d), all space-time scalars, are functions of the time only. Thus we have, with respect to our particular coordinates,
The three-divergence ϑ (0) , Eq. (65e), and the curvature of the three-dimensional subspaces 3 R (0) , Eq. (65f), which are scalars only with respect to spatial coordinate transformations, are also functions of the time only, i.e.,
Furthermore, the component of the four-vector u µ , Eq. (66a), tangent to a maximally symmetric space is a three-vector in that maximally symmetric space. The only maximally form-invariant vector in a maximally symmetric space is the null vector. Hence,
Consequently, u µ is proportional to δ µ 0 . Moreover, since u µ is a unit vector, we have
The zero order background metric tensor, occurring in Eq. (66b), has been supposed to be that of a maximally symmetric space, i.e.,
compare Eq. (64b). The time derivative of the three-part of the metric g (0)ij , κ (0)ij , Eq. (66c), may be expressed in the usual Hubble function H(t) := (da/dt)/a(t). We prefer to use a function H(t) = c −1 H(t), which we will call Hubble function also. Recalling that a dot denotes differentiation with respect to ct, we have
Substituting the expansion (66b) into the definitions (36), we obtain
where we considered only terms up to the zero order in the bookkeeping parameter η. Similarly, with Eqs. (55), (56), (65d), (65e), (70) and (73) we find for the background fluid expansion scalar, θ (0) , and the three-divergence, ϑ (0) ,
Using Eqs. (52), (65a), (65c), (66b), (70) and (71) we find for the components of the energy momentum tensor, Eq. (66d),
where the background pressure p (0) is given by the equation of state (53), which, for the background pressure, is defined by
i.e., the subindex zero in p (0) refers to the zero order quantities it depends on; it is not a different function of its arguments. Finally, the Ricci tensor of the three-dimensional maximally symmetric subspaces is proportional to the metric tensor of that subspace, i.e.,
(see Weinberg [10] , Chap. 15, Sec. 1). The quantity K is time independent, as may be seen as follows. As follows from Eqs. (66e) and (66f), the background threedimensional Ricci tensor, (42), is given by
where the connection coefficients Γ k (0)ij are given by
where g ij (0) and g (0)ij depend on the time. From Eq. (71), we have
Hence, the connection coefficients Γ k (0)ij are equal to the connection coefficientsΓ k ij of the metricg ij :
Therefore, they do not depend upon the time. As a consequence, 3 R (0)ij is time independent, implying that K is a constant. Maximally symmetric spaces may have curvature K that is positive, negative or zero. In the latter case the space is called flat. We now choose coordinates (r, θ, φ) such that the metric coefficients g (0)ij get the well-known Robertson-Walker form
where k = 0, ±1. Comparing (71) and (82) we see that for this choice of coordinates we havẽ
Substituting (82) into (78), combined with (81), we find
We thus find, for the chosen rw coordinates
From Eqs. (84) and (85) we have
implying that the zero order curvature scalar 3
where we have used Eqs. (80) and (84). Note, that in view of our choice of the metric (+, −, −, −), spaces of positive curvature k (such as spheres) have a negative curvature scalar 3 R (0) . The results (71), (73), (75) and (84) are in agreement with the general observation that maximally forminvariant tensors of the second rank are proportional to the metric tensor of the space concerned.
Thus we have found all background quantities: they are either space independent or proportional to g (0)ij (t, x), Eq. (71). The latter is proportional tog ij (x), the metric characteristic for spatial sections of constant time.
B. First order quantities
In this quite technical Section we express all quantities occurring in the Einstein equations in terms of zero and first order quantities.
Upon substituting the series (66a) into the normalization condition u µ u µ = 1, one finds, equating equal powers of the bookkeeping parameter η,
for the first order perturbation to the four-velocity. Writing the inverse of (66b) as
where g kl (0) is the inverse, (80), of g (0)kl , (82), we find
and
It is convenient to introduce
so that
For the time derivative of the first order perturbations to the metric, κ (1)ij , Eq. (36), we get
The first order perturbation θ (1) to the fluid expansion scalar θ, Eq. (55), can be found in the same way. Using (65d) and (70) one arrives at
where we used Eqs. (88) and (94). The first order perturbation ϑ (1) to the three-divergence ϑ, Eq. (56), is
where we have used that
which is a consequence of
The latter equality follows from Eq. (69). Upon substituting the series expansion (65a), and (65c)-(66b) into Eq. (52) and equating equal powers of η, one finds for the first order perturbation to the energymomentum tensor
where we have used Eqs. (70) and (88). The first order perturbation to the pressure is related to ε (1) and n (1) by the first order perturbation to the equation of state (53). We have
where p n and p ε are the partial derivatives of p(n, ε) with respect to n and ε,
Since we consider only first order quantities, the partial derivatives are functions of the background quantities only, i.e.,
Using Eq. (38c) and the expansions (66b) and (66f), we find for the first order perturbations of the connection coefficients
The first order perturbation Γ k (1)ij , Eq. (103), occurring in the non-tensor Γ k ij , Eq. (66f), happen to be expressible as a tensor. Indeed, using Eq. (92), one can rewrite Eq. (103) in the form
Using the expansion for 3 R ij , (66e), and Γ k ij , (66f), one finds for the first order perturbation to the Ricci tensor (42)
which can be rewritten in the compact form
By substituting Eq. (104) into Eq. (106), one can express the first order perturbation to the Ricci tensor of the three-dimensional subspace in terms of the perturbation to the metric and its covariant derivatives
The perturbation 3 R i (1)j is given by
where we have used Eqs. (71), (84), (87) and (93). Upon substituting Eq. (107) into Eq. (108) we get
Taking i = j in Eq. (109) and summing over the repeated index, we find for the first order perturbation to the curvature scalar of the three-dimensional spaces
We thus have expressed all quantities occurring in the relevant dynamical equations, i.e., the system of equations formed by the Einstein equations combined with the conservation laws, in terms of zero and first order quantities to be solved from these equations. In the Secs. IV C and IV D below we derive the background and first order evolution equations, respectively. To that end we substitute the series (65) and (66) into the Einstein equations (50) and conservation laws (57) and (58). By equating the powers of η 0 , η 1 , . . . , we obtain the zero order, the first order and higher order dynamical equations, constraint equations and conservation laws. We will carry out this scheme for the zero and first order equations only.
C. Zero order equations
With the help of Sec. IV A and the expansions (65) and (66) we now can find from the Einstein equations (50) and conservation laws (57) and (58) the zero order Einstein equations and the conservation laws. Furthermore, in view of the symmetry induced by the isotropy, it is possible to switch from the six quantities g ij and the six quantities κ ij to the curvature 3 R (0) (t) and the Hubble function H(t) only.
Einstein equations
Upon substituting Eqs. (73) and (75) into the (0, 0)component of the Einstein equations, Eq. (50a), one finds 
, whereas for i = j these quantities vanish. Hence, the six (i, j)-components reduce to one equation,
In Eqs. (111) and (112) the background curvature 3 R (0) is given by Eq. (87). It is, however, of convenience to determine this quantity from a differential equation. Eliminating a(t) from Eqs. (72) and (87) we obtain
where the initial value 3 R (0) (t 0 ) is given by
in accordance with Eq. (87). It should be emphasized that Eq. (113) is not an Einstein equation, since it is equivalent to Eq. (87). It will be used here as an ancillary relation.
Conservation laws
Upon substituting Eqs. (73) and (75) into the 0component of the conservation law, Eq. (57a), one findṡ
which is the relativistic background continuity equation.
The background momentum conservation laws (i.e., the background relativistic Euler equations) are identically satisfied, as follows by substituting (73) and (75) into the spatial components of the conservation laws, Eq. (57b). The background particle number density conservation law can be found by substituting (70) 
This concludes the derivation of the background equations.
What we have found is that for the Robertson-Walker metric (82) the Einstein equations (50) and conservation laws (57) and (58) reduce to the initial value condition (111) and four differential equations (112), (113), (115) and (116) for the four unknown functions H, 3 R (0) , ε (0) and n (0) . If we use Eqs. (74) and (76), we can state that we have found equations for all unknown background quantities (65) in zero order approximation, namely θ (0) , ϑ (0) , 3 R (0) , ε (0) and n (0) . In Sec. VI we derive equations for the corresponding first order quantities θ (1) , ϑ (1) , 3 R (1) , ε (1) and n (1) .
D. First order equations
In this Section we derive the first order perturbation equations from the Einstein equations (50) and conservation laws (57) and (58). The procedure is, by now, completely standard. We use the series expansion in η for the various quantities occurring in the Einstein equations and conservation laws of energy-momentum, and we equate the coefficients linear in η to obtain the 'linearized' or first order equations.
Einstein equations
Using the series expansions for 3 R, (65f), κ i j , (66c), and T 0 0 , (66d), in the (0, 0)-component of the constraint equation (50a), one finds
Using the zero order equation (73), the abbreviation (94) and the expression for T 0 (1)0 , (99), we may rewrite this equation in the form (1) .
With the help of the series expansions for κ i j , (66c), and T 0 i , (66d), we find for the (0, i)-components of the constraint equations (50b)
where we noted that
which, in turn, is a direct consequence of Eq. (73). From Eqs. (94) and (99) we finḋ
Finally, we consider the (i, j)-components of the Einstein equations (50c). Using the series expansions for κ i j , (66c), T i j , (66d), and 3 R i j , (66e), we finḋ
With Eqs. (73), (94) and (99), we geẗ 
Conservation laws
We now consider the energy conservation law (57a). With the help of the series expansions for κ i j , (66c), and T µ ν , (66d), one finds for the first order equatioṅ
where we have used that for a three-vector T 0k we have 96) and (99) we arrive at the first order energy conservation laẇ
Next, we consider the momentum conservation laws (57b). With the series expansions for κ i j , (66c) and T µν , (66d), we find for the first order momentum conservation laẇ
Using that
and Eqs. (73), (75), (94) and (99) we arrive at
where we have used that the covariant derivative of g ij (0) vanishes: g ij (0)|k = 0. Finally, we consider the particle number density conservation law (58). Using the expansions for n, (65b), θ, (65d), and u µ , (66a), it follows that the first order equation readṡ
With the help of Eqs. (70), (74) and (88) we find for the first order particle number conservation laẇ
where we have used Eq. (95) to eliminate θ (1) .
Summary
In the preceding two Secs. IV D 1 and IV D 2 we have found the equations which, basically, describe the perturbations in a flrw universe, in the first approximation. For convenience we repeat them here
where 3 R i (1)j and 3 R (1) are given by Eqs. (109) and (110), respectively. Hence, the equations (133) essentially are fifteen equations for the eleven (6 + 3 + 1 + 1) unknown functions h i j , u i (1) , ε (1) and n (1) . The pressure p (0) is given by an equation of state (76) and the perturbation to the pressure, p (1) , is given by Eq. (100). The system of equations is not overdetermined, however, since the four equations (133a) and (133b) are only conditions on the initial values. These initial value conditions are fulfilled for all times t automatically if they are satisfied at some (initial) time t = t 0 .
V. CLASSIFICATION OF THE SOLUTIONS OF FIRST ORDER
The set of equations (133), which are linear in their (eleven) unknown functions, can be split up into three sets of equations, which, together, are equivalent to the original set. We will refer to these sets by their usual names of scalar, vector and tensor perturbation equations. We will show that the vector and tensor perturbations do not, in first order, contribute to the physical perturbations ε gi (1) and n gi (1) . As a consequence, we only need, for our problem, the set of equations which are related to the scalar perturbations. By considering only the scalar part of the full set of perturbation equations we are able to cast the perturbation equations into a set which is directly related to the physical perturbations ε gi (1) and n gi (1) . This is the subject of the next Sec. VI. At the basis of the replacement of one set (133) by three sets of equations stands a theorem proved by Stewart [11] , which states that a symmetric second rank tensor can be split up into three irreducible pieces, and that a vector can be split up into two irreducible pieces. Here, we will use this general theorem to obtain equations for the scalar irreducible parts of the tensors h i j and 3 R i (1)j and the vector u (1) , namely h i j , 3 R i (1) j and u (1) . For the perturbation to the metric, a symmetric second rank tensor, we have in particular
where, due to the theorem of Stewart [11] , the irreducible constituents have the properties
with φ(t, x) and ζ(t, x) arbitrary functions. The contravariant derivative A |i is defined according to g ij (0) A |j . The functions h i j , h i ⊥ j and h i * j correspond to scalar, vector and tensor perturbations, respectively.
In the same way, the perturbation to the Ricci tensor can be decomposed into irreducible components, i.e.,
The tensors 3 R i (1) j , 3 R i (1)⊥j and 3 R i (1) * j have the properties comparable to (135), i.e.,
where γ(t, x) and π(t, x) are two arbitrary functions. By now using Eq. (109) for each of the irreducible parts we find 
Combining the expressions (137) and Eqs. (138), we can derive new relations, to be obeyed by γ, π, h i ⊥ j , and h i * j . Firstly, from property (137a) and (138a) it follows that 
implying that, for a flat flrw universe,
whereas there is no such restriction on the functions φ and ζ in a flat flrw universe. Secondly, combining expressions (137b) and (138b) it follows that h i ⊥ j has the property
in addition to the property (135b). Finally, combining Eqs. (137c) and (138c), we find that h i * j must obeỹ
in addition to (135c). The relations (143) are, however, fulfilled identically for flrw universes. This can be easily shown. First, we recall the well-known relation that the difference of the covariant derivatives A i···j k···l|p|q and A i···j k···l|q|p of an arbitrary tensor can be expressed in terms of the curvature and the tensor itself (Weinberg [10] , Chap. 6, Sec. 5)
where 3 R i (0)jkl is the Riemann tensor for the spaces of constant time. At the right-hand side, there is a term with a plus sign for each lower index and a term with a minus sign for each upper index.
We apply this identity taking for A the second rank tensor h i * j to obtain
Now note that h m * k|m|i vanishes in view of (135c). Next, we take the covariant derivative of (145) with respect to x l , and contract withg kl
(146) Now, using the expression which one has for the Riemann tensor of a maximally symmetric three-space,
(where k = 0, ±1 is the curvature constant) we find
i.e., the first term of (143) vanishes. The second and third term can similarly expressed in the curvature
where the general property (144) has been used. Upon substituting the Riemann tensor (147) and contracting withg kl , we then arrive at
i.e., the second and third term of (143) together vanish. Hence, for flrw universes, Eq. (143) is identically fulfilled. The three-vector u (1) can be uniquely split up according to [11] u (1) 
where u (1) is the longitudinal part of u (1) , with the prop-erties∇
and u (1)⊥ is the transverse part of u (1) , with the proper-ties∇
where the divergence of the vector u (1) is defined by, Eq. (56),∇
and the rotation of the vector u (1) is defined by
where ǫ i jk is the Levi-Civita tensor with ǫ 1 23 = +1. In Eq. (155) we could replace the covariant derivative by the ordinary partial derivative because of the symmetry of Γ i jk . With the possibility to decompose a tensor in a scalar , a vector ⊥ and a tensor part * , we can decompose the set of equations (133) into three independent sets. The recipe is simple: all we have to do is to append a subindex , ⊥ or * to the relevant tensorial quantities in equations (133). This will be the subject of the Sections V A, V B and V C below.
A. Tensor perturbations
We will show that tensor perturbations are not coupled to, i.e., do not give rise to, density perturbations.
Upon substituting h i j = h i * j and 3 R i (1)j = 3 R i (1) * j into the perturbation equations (133) and using the properties (135c) and (137c), we find from equations (133a), (133b) and (133d)
where we have also used Eq. (100). With (156), Eqs. (133e) and (133f) are identically satisfied. The only surviving equation is (133c), which now reads
where 3 R i (1) * j is given by Eq. (138c). Using Eqs. (95), (96), (135c) and (156) it follows from Eqs. (7) that ε gi (1) = 0, n gi (1) = 0,
so that tensor perturbations do not, in first order, contribute to physical energy density and particle number density perturbations. Hence, Eqs. (157) do not play a role in this context, where we are interested in energy density and particle number density perturbations only. The equations (157) have a wave equation like form with an extra term. The extra term 3Hḣ i * j in these equations is due to the expansion of the universe. Therefore, these tensor perturbations are sometimes called gravitational waves. The six components h i * j satisfy the four equations (135c), leaving us with two independent functions h i * j . They are related to linearly and circularly polarized waves.
B. Vector perturbations
We will show that, just like tensor perturbations, vector perturbations are not coupled to density perturbations.
Upon replacing h i j by h i ⊥j and 3 R i (1)j by 3 R i (1)⊥ j in the perturbation equations (133), and using the expressions (135b) and (137b), we find from Eq. (133a) and the trace of Eq. (133c)
where we have also used Eq. (100).
Using that h i ⊥j is traceless and raising the index with g ij (0) in Eq. (133b) we geṫ
where we have used Eqs. (36) and (73). We now calculate the covariant derivative of (160) with respect to x j , and use (142) to obtain∇
where we have used that the time derivative and the covariant derivative commute. Using (151)-(153) we see that only the transverse part of u (1) , namely u (1)⊥ , plays a role in vector perturbations. With (135b) and (159) the equations (133d) and (133f) are identically satisfied. The only surviving equations are (133b), (133c) and (133e), which now reaḋ
where 3 R i (1)⊥j is given by Eq. (138b). Using Eqs. (95), (96), (159) and (161) we get from Eqs. (7) ε gi (1) = 0, n gi (1) = 0,
implying that also vector perturbations do not, in first order, contribute to physical energy density and particle number density perturbations. Hence, the equations (162) do not play a role when we are interested in energy density and particle number density perturbations, as we are here. Vector perturbations are also called vortices.
Since vector perturbations obey∇ · u (1)⊥ = 0, they have two degrees of freedom. As a consequence, the tensor h i ⊥j has also two degrees of freedom. These degrees of freedom are related to clockwise and counter-clockwise rotation of matter.
C. Scalar perturbations
Differentiation of Eqs. (133b) covariantly with respect to x j we obtaiṅ
Interchanging i and j in this equation, and subtracting the resulting equation from (164) we geṫ
where we have used thatḣ k k|i|j =ḣ k k|j|i . Using that ∇∧u (1) = 0, we find from Eq. (135a) that the function ζ must obey the equationṡ
These equations are fulfilled identically in flrw universes. This can be seen as follows. We first rewrite these equations by interchanging the covariant derivatives in the form (ζ |k |i|k|j −ζ |k |i|j|k ) − (ζ |k |j|k|i −ζ |k |j|i|k ) + (ζ |k |i|j −ζ |k |j|i ) |k = 0. (167) Next, we use Eq. (144) and substitute the Riemann tensor (147) into the resulting expression. Using thaṫ ζ |i|j =ζ |j|i , we find that the left-hand sides of the Eqs. (167) vanish. As a consequence, the Eqs. (166) are identities.
The evolution equations (133) for scalar perturbations read
where the perturbation to the Ricci tensor is given by Eq. (138a). In the tensorial and vectorial case we found ε (1) = 0 and n (1) = 0, implying that ε gi (1) = 0 and n gi (1) = 0, which made the tensorial and vectorial equations irrelevant for our purpose. Such a conclusion cannot be drawn from the equations (168). Perturbations with ε (1) = 0 and n (1) = 0 are usually referred to as 'scalar perturbations.' Although the quantities ε (1) and n (1) are no scalars at all under space-time transformations, we will use this terminology.
In Sec. VI we rewrite the set of equations (168) in such a way that they determine the evolution of the new quantities (7) . Since the perturbation equations contain only the components h i j , it follows that relativistic energy density and particle number density perturbations are characterized by two potentials φ and ζ [see Eq. (135a)].
D. Summary
In the foregoing three Secs. V A-V C we have written down, using the decompositions (134), (136) and (151), the perturbation equations for gravitational waves, Eqs. (157), vortex perturbations, Eqs. (162) and scalar perturbations, Eqs. (168). For gravitational waves and vortices it was shown that ε gi (1) = 0 and n gi (1) = 0. Therefore, we consider from now on only the Eqs. (168) for the scalar perturbations.
An important consequence of the theorem of Stewart, Eqs. (134)-(135) and (136)-(137), is that we need only two potentials φ and ζ (instead of six potentials h i j ) to describe the evolution of the scalar perturbations. In Sec. X we will show that, in a flat flrw universe, the potential ζ drops from the perturbed Einstein equations and that φ(t, x) can be related to the well-known, time-independent potential ϕ(x) encountered in the Poisson equation ∇ 2 ϕ(x) = 4πG̺ (1) 
(1) (t p , x)/c 2 is the mass density at x. In fact, we will show that in the non-relativistic limit we have ϕ(x) = φ(t p , x)/a 2 (t p ). In these equations t p stands for the present time.
In the definitions (7) of the physical perturbations ε gi (1) and n gi (1) the background quantities ε (0) , n (0) and θ (0) = 3H occur. The evolution of these quantities is governed by the background Einstein equations given in Sec. IV C. Of the first order quantities ε (1) , n (1) and θ (1) in (7) , only the first two do explicitly show up in the first order equations (168). In Sec. VI we rewrite this set of equations in such a way that also the first order quantity θ (1) does explicitly occur in the new set of perturbation equations. The result is that the evolution of the physical quantities (7) is completely determined by the background-and first order equations.
VI. SCALAR FIRST ORDER EQUATIONS
In this quite technical Section we rewrite the scalar perturbation equations (168) in such a way that the first order quantities occurring in the definitions (7) do explicitly occur in the new set of equations.
Eliminating the quantityḣ k k from Eq. (168a) with the help of Eq. (95) yields
Thus the (0, 0)-component of the constraint equation becomes an algebraic equation which relates the first order quantities θ (1) , ϑ (1) , 3 R (1) and ε (1) . It now takes some steps to rewrite Eq. (168b) in a suitable form. Firstly, multiplying both sides by g ij (0) and taking the covariant divergence with respect to the index j we find
where we have also used Eq. (96). The left-hand side will turn up as a part of the first order derivative of the curvature 3 R (1) . In fact, differentiating Eq. (110) with respect to ct and recalling the fact that the connection coefficients Γ k (0)ij , Eqs. (81), are independent of the time, one gets
where we have used Eqs. (36), (73), (113) and
which is a consequence of g ij (0)|k = 0 and the symmetry of h ij . Next, combining Eqs. (170) and (171), and, finally, eliminatingḣ k k with the help of Eq. (95), one arrives at
In this way we managed to recast the three (0, i)components of the constraint equations in the form of one differential equation for the local perturbation, 3 R (1) , to the spatial curvature.
Taking the covariant derivative of Eq. (168e) with respect to the metric g (0)ij and using Eq. (96), we get
where we have used that the operations of taking the time derivative and the covariant derivative commute, since the connection coefficients Γ k (0)ij , (81), are independent of the time. Using Eq. (115), we can rewrite Eq. (174) in the forṁ
where∇ 2 is the generalized Laplace operator which, for an arbitrary function f (t, x) and with respect to an arbitrary three-dimensional metricg ij (x), is defined bỹ
Thus, the first order momentum conservation laws (168e) reduce to one differential equation for the divergence ϑ (1) . Finally, we consider the conservation laws (168d) and (168f). Eliminating the quantityḣ k k from these equations with the help of Eq. (95), we geṫ
The algebraic equation (169) and the four differential equations (173), (175), (177) and (178) are five equations for the five quantities θ (1) , 3 R (1) , ϑ (1) , ε (1) and n (1) , respectively.
VII. SUMMARY QUANTITIES AND EQUATIONS

A. Zero order equations
The Einstein equations and conservation laws for the background of an flrw universe are given by (112), (115), (116) and (113):
and the constraint equation (111)
In order to arrive at Eq. (179a) we eliminated the term 3H 2 from Eq. (112) with the help of Eq. (111). Furthermore, we introduced the abbreviation
The set (179) consists of four differential equations with respect to the time for the four unknown quantities ε (0) (t), n (0) (t), θ (0) (t) = 3H(t), and 3 R (0) (t). Recall ϑ (0) = 0, Eq. (74). The pressure p (0) (t) is related to the energy density ε (0) (t) and the particle number density n (0) (t) via the equation of state (76). The algebraic equation (180) is a constraint on the initial values. It is instructive to rewrite the constraint equation (180) in two different ways: in the form of the well-known Friedmann-equation (182), which relates the scale factor a(t) at the one hand and the energy density ε tot (t) = ε (0) (t) + ε vac at the other, and in the form (185) which shows that the total energy density of the universe determines the sign and magnitude of the curvature of the three-dimensional spaces of constant time.
The Friedmann-equation follows by substituting the definition of the Hubble function (72) into the constraint equation (180). One finds, also using Eq. (87),
where we have used Eq. (59). This equation can be rewritten in another form. The critical mass density ̺ c (t) in the universe is defined by
where H is the Hubble function, defined by Eq. (72).
Since ε = ̺c 2 , we find for the critical energy density ε c (t)
where the constant κ is given by Eq. (46). The constraint equation (180) can now be rewritten in the form
where the functions Ω M (t) and Ω Λ (t) are defined by
From Eq. (185)-(186) it follows that if the total energy content (conventional energy and vacuum energy) of the universe is equal to the critical energy density then the universe is flat (k = 0).
B. First order equations
The first order equations describing density perturbations are given by the set of four differential equations (177), (178), (175) and (173)
together with one constraint equation, Eq. (169)
for the five unknown functions ε (1) , n (1) , ϑ (1) , 3 R (1) , and θ (1) , respectively. These are the first order perturbations to the background quantities ε (0) , n (0) , ϑ (0) = 0, 3 R (0) , and θ (0) = 3H. The first order perturbation to the pressure is given by the perturbed equation of state (100). The operator∇ 2 , occurring in Eq. (187c) , is the generalized Laplace operator defined by Eq. (176) . The quantity β(t) occurring in Eq. (187c) is defined by
Eliminating the time derivatives of ε (0) and n (0) from Eqs. (7) with the help of the background equations (179), we arrive at
where we have used that θ (0) = 3H, Eq. (74). We have achieved now that the set of perturbation equations (187) and (188), together with the background equations (179) and (180) determine the evolution of the physical quantities (7) , or, equivalently, (190). In principle, we are ready. However, the solution of the set of equations (187) and (188) is gauge dependent (see Appendix B). Indeed, one may easily check, by a direct calculation, that these equations are invariant under the transformation
where ψ is time independent in synchronous coordinates, see Eq. (B2). The equations (187) and (188) are the analogue of the equations (2) of the Maxwell theory and the gauge transformations (191) are the analogue of the gauge transformations (3). By switching from the variables ε (1) , n (1) , ϑ (1) , 3 R (1) and θ (1) to the variables ε gi (1) and n gi (1) , a change of variables to be compared with the switch of the potentials φ and A to the fields E and B, see Eqs. (4), we will arrive at a set of equations for ε gi (1) and n gi (1) with a unique, i.e., gauge invariant solution. This will be the subject of Sec. IX. First, however, we derive some auxiliary equations related to the entropy, pressure and temperature.
VIII. ENTROPY, PRESSURE AND TEMPERATURE
A. Gauge invariant entropy perturbations
The second law of thermodynamics reads
where E, S and N are the energy, the entropy and the number of particles of a system with volume V , and where µ, the thermodynamic -or chemical-potential, is the energy needed to add one particle to the system. In terms of the energy per particle E/N = ε/n and the entropy per particle s = S/N the law (192) can be rewritten
where ε and n are the energy and particle number densities. With the Euler relation µ = (ε + p)n −1 − T s, the second law can be cast in a form without µ and N . In fact, using the rule d(f g) = f dg + gdf we immediately find from Eq. (193)
where µ and N have cancelled, indeed. The thermodynamic relation (194) is true for a system in thermodynamic equilibrium. For a non-equilibrium system that is 'not too far' from equilibrium, the equation (194) may be replaced by
where d/dt is the time derivative in a local comoving Lorentz system. Now, using ε = ε (0) + ε (1) , s = s (0) + s (1) , p = p (0) + p (1) and n = n (0) + n (1) , we find from Eq. (195)
where we neglected time derivatives of first order quantities. With the help of Eqs. (179b), (179c) and (181) we find that the right-hand side of Eq. (196) vanishes. Hence,
implying that, in zero order, the expansion takes place without generating entropy: s (0) is constant in time.
Hence, in view of Eq. (22), which is valid for any scalar, and Eq. (197), the first order perturbation s (1) is automatically a gauge invariant quantity, i.e.,ŝ (1) = s (1) , in contrast to ε (1) and n (1) , which had to be redefined according to Eqs. (7) . Apparently, the entropy per particle s (1) is such a combination of ε (1) and n (1) that it need not be redefined. This can be made explicit by noting that in the linear approximation we are considering in this article, the second law of thermodynamics (194) should hold for zero order and first order quantities separately. In particular, Eq. (194) implies
where we neglected products of differentials and first order quantities, and where we replaced dε and dn by ε (1) and n (1) , respectively. We now note that the linear combination in the right-hand side of Eq. (198) has the property
as may immediately be verified with the help of Eqs. (7), (179b) and (179c). The right-hand side of Eq. (199) being gauge invariant, the left-hand side must be gauge invariant. This observation makes explicit the gauge invariance of the first order approximation to the entropy per particle, s (1) . In order to stress the gauge invariance of the correction s (1) to the (constant) entropy per particle, s (0) , we will write s gi (1) , rather than s (1) :
From Eqs. (198)-(200) we then get
where w is the quotient of zero order pressure and zero order energy density defined by Eq. (181). Notice that for the internal logic of our reasoning it is not essential at all to use the second law of thermodynamics. One may simply consider (201) as the defining expression for a certain linear combination of ε gi (1) and n gi (1) , and replace everywhere in the equations below the product T (0) s gi (1) by the right-hand side of Eq. (201), without changing anything. However, the second law of thermodynamics yields a physical interpretation of the particular linear combination of ε gi (1) and n gi (1) that we will encounter in the equations of the next Section. In fact, we rewrite Eq. (201) in the form
where the gauge independent, entropy related quantity σ gi (1) is given by
The quantity σ gi (1) occurs as the source term in the gauge invariant evolution equations (218) below. Equation (203) implies (12) .
B. Gauge invariant pressure perturbations
We will now derive a gauge invariant expression for the physical pressure perturbations. To that end, we first calculate the time derivative of the background pressure. From Eq. (76) we havė
where p ε and p n are the partial derivatives given by Eqs. (101) and (102). Multiplying both sides of this expressions by θ (1) /θ (0) and subtracting the result from Eq. (100) we get
where we have used Eqs. (7) to rewrite the right-hand side. Since p n and p ε depend on the background quantities ε (0) and n (0) only, the right-hand side is gauge invariant. Hence, the quantity p gi (1) defined by
is gauge invariant. We thus obtain the gauge invariant counterpart of Eq. (100)
We will now rewrite this equation in a slightly different form. From Eqs. (189) and (204) we obtain β 2 = p ε + p n (ṅ (0) /ε (0) ). Using Eqs. (179b) and (179c) we find
With this expression and Eqs. (203) and (208) we can express the gauge invariant pressure (207) in terms of the energy density perturbation ε gi (1) and the entropy related quantity σ gi (1) rather than ε gi (1) and the particle number density perturbation n gi (1) 
a nice result which we will not use, however. Compare this relation with the one derived by Mukhanov et al. [4] , their equation (5.3).
C. Gauge invariant temperature perturbations
Finally, we will derive an expression for the gauge invariant temperature perturbation T gi (1) with the help of Eq. (A2a). For the time derivative of the energy density ε (0) (n (0) , T (0) ) we havė
Replacing the infinitesimal quantities in Eq. (A2a) by perturbations, we find
Multiplying both sides of Eq. (210) by θ (1) /θ (0) and subtracting the result from Eq. (211) we get
where we have used Eqs. (7) . Hence, the quantity
is gauge invariant. Thus, Eq. (212) can be written as
implying that T gi (1) can be interpreted as the gauge invariant temperature perturbation. An equivalent form of (214) is given by Eq. (13) . We thus have expressed the perturbation in the absolute temperature as a function of the perturbations in the energy density and particle number density for a given equation of state of the form ε = ε(n, T ) and p = p(n, T ). This equation will be used in Sec. IX to derive an expression for the fluctuations in the background temperature, δ T , a measurable quantity.
Finally, we give the evolution equation for the background temperature T (0) (t). From Eq. (210) it followṡ
where we have used Eqs. (179b) and (179c). This equation, which will not be used in this article, can be used to follow the time development of the background temperature once ε (0) (t) and n (0) (t) are found from the zero order Einstein equations.
IX. MANIFESTLY GAUGE-INVARIANT FIRST ORDER EQUATIONS
The five perturbation equations (187) and (188) form a set of five equations for the five unknown quantities ε (1) , n (1) , ϑ (1) , 3 R (1) and θ (1) . This system of equations can be reduced in the following way. In order to arrive at nonzero expressions for the physical quantities ε gi (1) and n gi (1) we have chosen in Eqs. (30) ω = θ, Eq. (31), implying that θ gi (1) = 0, Eq. (32). As a consequence, we do not need the gauge dependent quantity θ (1) . Eliminating the quantity θ (1) from equations (187) with the help of Eq. (188), we arrive at the set of four first order differential equationṡ
for the four quantities ε (1) , n (1) , ϑ (1) and 3 R (1) . The system of equations (216) is now cast in a suitable form to arrive at a system of manifestly gauge invariant equations for the physical quantities ε gi (1) and n gi (1) , since we then can immediately calculate these quantities. Indeed, eliminating the quantity θ (1) from Eqs. (190) with the help of Eq. (188), we get
The quantities ε gi (1) and n gi (1) are now completely determined by the system of background equations (179)-(180) and the first order equations (216).
A. Evolution equations for density perturbations
Instead of calculating ε gi (1) and n gi (1) in the way described above, we proceed by first making explicit the gauge invariance of the theory. To that end, we now rewrite the system of the four differential equations (216) for the gauge dependent variables ε (1) , n (1) , ϑ (1) and 3 R (1) into a new system of equations for the new gauge-invariant variables ε gi (1) and n gi (1) . It is, however, of convenience to use the entropy related perturbation σ gi (1) , defined by Eq. (203), rather than the particle number density perturbation n gi (1) . The result is
where σ gi (1) is a short hand notation for the combination of ε gi (1) and n gi (1) given in Eq. (203). The derivation of these equations is given in detail in Appendix D. The coefficients a 1 , . . . , a 4 occurring in Eqs. (218) are given by
where the functions w(t) and β(t) are given by Eqs. (181) and (189), respectively. In the derivation of the above results, we used Eqs. (179) and (180). The abbreviations p n and p ε are given by Eq. (101) . Furthermore, we used the abbreviations p nn := ∂ 2 p ∂n 2 , p εn :=
The equations (218) contain only gauge-invariant quantities and the coefficients are scalar functions. Thus, these equations are manifestly gauge-invariant.
The equations (218) are equivalent to one equation of the third order, whereas one would expect that the four first order equations (216) would be equivalent to one equation of the fourth order. This observation reflects the fact that the solutions of the first order equations are gauge dependent, while the solutions ε gi (1) and σ gi (1) of Eq. (218) are gauge independent. One 'degree of freedom', say, the gauge function ψ has disappeared from the scene altogether. The Eq. (218b) can be solved
with H, ε (0) , n (0) , w and p n functions of τ . Inserting this expression into Eq. (218a) we obtain the final equation for the perturbation (11).
B. Evolution equations for contrast functions
The equations (218) constitute the main result of this article. In view of Eq. (203), they essentially are two differential equations for the perturbations ε gi (1) and n gi (1) to the energy density ε (0) (t) and the particle number density n (0) (t), respectively, for flrw universes with k = −1, 0, +1. They describe the evolution of the energy density perturbation ε gi (1) and the particle number density perturbation n gi (1) for flrw universes filled with a fluid which is described by an equation of state of the form p = p(n, ε), the precise form of which is left unspecified.
In the study of the evolution of density perturbations it is of convenience to use a quantity which measures the perturbation to the density relative to the background densities. To that end we define the gauge-invariant contrast functions δ ε and δ n by
Using these quantities, Eqs. (218) can be rewritten as (see Appendix D 3)
where the coefficients b 1 , b 2 and b 3 are given by
In Section XI we use the Eqs. (223) to study the evolution of small energy density perturbations and particle number perturbations in flrw universes. The entropy perturbation (201) reads, in terms of the contrast functions (222),
Finally, if we define the relative temperature perturbation δ T by
then the relative temperature perturbation (13) is given by
We thus have found the relative temperature perturbation as a function of the relative perturbations in the energy density and particle number density for an equation of state of the form ε = ε(n, T ) and p = p(n, T ) (see Appendix A). The quantity δ T (t, x) is a measurable quantity in the cosmic background radiation.
X. NON-RELATIVISTIC LIMIT IN AN EXPANDING UNIVERSE
It is well known that if the gravitational field is weak and velocities are small, the system of Einstein equations reduce to the single field equation of the Newtonian theory of gravity, namely the Poisson equation. Usually, one considers the non-relativistic limit in case of a static gravitational field. In this Section we will show that our treatment of perturbations leads to the Poisson equation also for an expanding universe, i.e., for a non-static gravitational field. Thus, in our approach there is no necessity to take the static limit at all. In fact, we will show that our perturbation theory reduces to Eq. (33) without the assumption that the expansion is negligibly slow or absent. Let us first consider the perturbation equations for a flat flrw universe, i.e., a universe characterized by k = 0, implying, in view of (87), that 3 R (0) = 0.
(228) For a flat flrw universe, the zero order equations (179) and (180) reduce tȯ
and the constraint equation
respectively. From Eq. (138a) it follows that the trace of the perturbation on the Ricci tensor is given by
Thus, in a non-flat flrw universe we need two potentials φ and ζ to describe the evolution of ε gi (1) and n gi (1) . Hence, in non-flat flrw universes the perturbation equations (216) do not reduce to the Newtonian theory of gravity, which has only one potential. However, for a flat flrw universe Eq. (231) reduces to
where ∇ 2 is the usual Laplace operator. Hence, in a flat flrw universe we need only one potential φ to describe density perturbations. Upon substituting Eq. (232) into the perturbation equations (216) and putting 3 R (0) = 0, we arrive at the set of perturbation equationṡ
for the four quantities ε (1) , n (1) ϑ (1) and φ. Similarly, we obtain from Eqs. (217)
where we have eliminated ϑ (1) with the help of Eq. (233d) and ε (0) with the help of Eq. (230). The scale factor of the universe a(t) follows from the Einstein equations via H :=ȧ/a. Equation (234a) may be considered as a 'generalized Poisson equation' since it relates a function φ(t, x) and the energy density ε gi (1) (t, x) . The evolution of φ(t, x), in turn, is governed by Eq. (233d). It should be stressed at this point that one cannot yet interpret ε gi (1) (t, x) as the perturbation on the energy density, since Eq. (234a) is not the genuine Poisson equation of the Newtonian theory of gravity. Similarly, the function φ(t, x) cannot yet be interpreted as the gravitational potential of the Newtonian theory, because of the second term between brackets at the left-hand side.
In the limit of weak gravitational fields, low velocities with respect to the speed of light, and small pressures with respect to the energy density, the general theory of relativity reduces to Newton's theory of gravity [12] . The usual non-relativistic limit can thus be arrived at by taking the limits
for the background quantities as well as for the first order perturbations. As a consequence, the kinetic energy is small compared to the rest energy of a particle, so that the energy density of the universe in the non-relativistic limit is
where mc 2 is the rest energy of a particle with mass m and n the particle number density. Thus, in the nonrelativistic limit, the background equations (229)-(230) take the simple formḢ
while the constraint equation (230) reads
Note that in the non-relativistic limit, Eqs. (237b) and (237c) are identical, since then ε (0) = n (0) mc 2 , in view of Eq. (236). The non-relativistic counterparts of Eqs. (233) and (234) can be arrived at by putting in these equations u i (1) or ϑ (1) = u k (1)|k , Eq. (96), and p (1) to zero, in accordance with (235). In this way Eq. (233c) is identically satisfied, whereas the remaining equations (233) reduce tȯ
and Eqs. (234) become
Note that in the non-relativistic limit, Eqs. (239a) and (239b) are identical, since then ε (1) = n (1) mc 2 , in view of Eq. (236). In Eqs. (239c)-(240) the quantities ε (1) and n (1) do not occur. As a consequence, these equations can be solved for the quantities φ, ε gi (1) and n gi (1) . In Appendix C we show that ε (1) and n (1) are gauge dependent also in the non-relativistic limit, so that Eqs. (239a) and (239b) need not be considered in this limit.
We now consider Eqs. (239c) and (240a) in some detail. By substituting Eq. (239c) into Eq. (240a) we obtain
Since ∇ 2 φ is independent of the time, Eq. (239c), this equation is equivalent to
where t p indicates the present time. This Einstein equation can be rewritten in a form that closely resembles the Poisson equation, by introducing the potential ϕ
Inserting (243) into (242) we obtain the result (33): the Einstein equation (241) for the time dependent perturbation ̺ gi (1) (t, x) is, at fixed t = t p , identical to the usual, time independent, Poisson equation. Hence, as argued in Sec. II E, the perturbations ε gi (1) and n gi (1) may indeed be interpreted as physical perturbations.
XI. AN EXAMPLE: THE RADIATION-DOMINATED PHASE OF THE FLAT UNIVERSE
We have introduced gauge invariant physical quantities which are different from all other proposals found in the literature. We showed, in the preceding Section, that they are 'better' in the sense that the first order differential equations which one may derive for these equations yield, in the non-relativistic limit, a Poisson equation that is valid in an expanding universe.
In this Section we consider a particular simple case as an example: a flat flrw universe in its radiationdominated stage. In order to keep this article selfcontained, we start with the zero order equations and their solutions, although nothing is new here. We need these solutions to obtain explicit forms for the first order equations, which are new.
A. Zero order equations and their solutions
We consider the radiation-dominated era. In this era one has p = 1 3 ε, so that, according to Eq. (181), we have w = 1 3 . We put the cosmological constant equal to zero: Λ = 0. Furthermore, we consider a flat universe (k = 0), implying, with (87), that 3 R (0) (t) = 0. The zero order equations (179) then reduce tȯ
while the constraint equation (180) becomes
The solutions of these equations are, using that H := a/a,
where t 0 is the time at which the radiation-dominated era sets in. Note that H(t 0 ) and ε (0) (t 0 ) are related by the initial value condition (245).
where J 2 (x) and Y 2 (x) are Bessel functions of the first and second kind, respectively, B 1 and B 2 are arbitrary constants, and σ(t) is given by Eq. (259). These Bessel functions are oscillating functions of their argument with a decaying amplitude. The difference between the solutions (258) of our approach and the classical standard result (261) is that our approach yields in the radiation-dominated phase acoustic waves for which the amplitudes increase proportional to t 1/2 . In contrast, the standard theory predicts acoustic waves with a decaying amplitude.
In this article we will not study the solutions of our new equations (223) any further. What we only want to point out here is that our equations which are different from the linearized equations ever used before, might contain interesting, new physics.
XII. RELATION TO EARLIER WORK ON GAUGE INVARIANT PERTURBATION THEORIES IN COSMOLOGY
In the course of time, many articles have been devoted to attempts to arrive at a satisfactory treatment and interpretation of the linearized Einstein equations. We will discuss two of the most important ones in some detail. One of the first, a pioneering classic in this area of research, is due to James Bardeen of 1980 [9] . One of the last is a 1992 review article by V. F. Mukhanov, H. A. Feldman and R. H. Brandenberger [4] .
A. The manifestly gauge invariant theory of Bardeen
Bardeen does not solve the linearized Einstein equations directly, as we do, but considers what essentially are a kind of Fourier transform of these equations. These are obtained with respect to what one could call Helmholtz functions Q (0) (k, x), which are, by definition, the solutions of the scalar Helmholtz equation
[Eq. (2.7) in the article of Bardeen; α = 1, 2, 3; a bar denotes a covariant derivative in three-space.] For zero background curvature, the solutions of Eq. (262) are plane waves. The fact that Bardeen's analysis takes place in a Fourier-like form has as a consequence that a direct comparison with our more direct approach is not possible easily, since all of Bardeen's results contain the variable k (the wave number), whereas none of our results do.
In his paper, Bardeen firstly compares the (kdependent) Helmholtz-transforms of the Newtonian equations expressing momentum and energy conservation, to his own (k-dependent) results. The momentum equation (4.5) of Bardeen has exactly the same form as the corresponding Newtonian equation in an expanding background, except for a factor (1 − 3K/k 2 ), where K is the curvature. Secondly, Bardeen discusses the energy equation, his Eq. (4.7). Here, the situation is less satisfactory ('messy' to cite the author himself). Still more unsatisfactory, however, is the fact that the nonrelativistic limit of this equation is trivial. In fact, we will show that, in first order, the perturbation theory of Bardeen does not encompass the Newtonian theory of gravity, via the Poisson equation ∇ 2 ϕ(x) = 4πG̺ (1) (x), as one would hope and expect, but the trivial equation ̺ (1) (x) = 0 instead. This can be seen as follows.
The background or zero order Einstein equations read, in Bardeen's notation [Eqs. (2.5)-(2.6) of his paper]:
where S is the scale factor (which we called a) and where a dot denotes the derivative with respect to the conformal time τ , dτ = S −1 dt. Units have been chosen such that c = 8πG = 1. The quantities E 0 (τ ) and P 0 (τ ) are the zero order energy density and pressure. The constant K is the (time independent) curvature of a threedimensional subspace of constant (conformal) time.
The perturbation equations of the gauge invariant perturbation theory of Bardeen read [his Eqs. (4.3), (4.4), (4.5) and (4.7), respectively]: 
From now on, we consider a flat flrw universe, i.e., we take for the curvature
In the non-relativistic limit, the shear tensor, and, hence also its traceless part, π (0) T , vanishes:
In the non-relativistic limit, the pressure P 0 is negligible with respect to the energy density including the rest mass energy. Hence
Since c s equals the speed of sound divided by the speed of light, we may put in the non-relativistic limit
Finally, v (0) s , the peculiar speed divided by the speed of light, is small in the non-relativistic limit v (0) s = 0.
Upon substituting Eqs. (266)-(270) into Eqs. (264) we obtain
Since kΦ A = 0 implies ∇Φ A = 0, the system (271) reduces to
In the non-relativistic limit, the perturbation theory of Bardeen yields vanishing density perturbations (272a), implying the disappointing trivial result
rather than the Poisson equation.
B. Perturbation theory of Mukhanov, Feldman and Brandenberger
The approach of Mukhanov, Feldman and Brandenberger is closer to our approach than Bardeen's, but also has an important drawback. Let us contrast their approach and ours.
The background Einstein equations for a flat (K = 0) flrw universe can be found from their equations (4.3), (4.2) and (5.2), and (2.6). One gets
Here, H(η) is the Hubble function
The prime denotes the derivative with respect to the conformal time η, which is related to the cosmological time via the relation
Hence,
with H :=ȧ/a, the Hubble function used throughout this article. Upon substituting (277) into Eqs. (274) and using (276), one arrives at the Einstein equations (179) and (180) for the background, in our notation, with Λ = 0 and k = 0. Mukhanov et al. consider, like we do, the linearized Einstein equations themselves, not their Helmholtz transforms (like Bardeen did, see Sec. XII A). However, instead of adding a term proportional to the first order part of the divergence of (minus) the (normalized) cosmological four-velocity U µ [see our Eqs. (7) ], they add certain components of the (first order part of the) metric tensor to arrive at gauge invariant perturbations [see their Eqs. (5.11)]. Their equations read
where δε (gi) and δp (gi) are the gauge-invariant energy density perturbation and pressure perturbation (in our notation: ε gi (1) and p gi (1) ), δε and δp the gauge dependent energy density and pressure perturbation (in our notation: ε (1) and p (1) ), and ε 0 and p 0 the background energy density and pressure (in our notation: ε (0) and p (0) ). Finally, the quantities E and B are a part of the perturbed metric tensor (in our notation: ζ and h 0i = B |i ). Note that B vanishes in synchronous coordinates [see their Eq. (2.9) of the decomposition of the perturbation to the metric tensor]. The perturbation δε (gi) is one of the solutions of the linearized Einstein equations (with K = 0) given by the equations (5.17)-(5.19) of Mukhanov et al.:
(aΦ) ′ ,i = 4πGa 2 (ε 0 + p 0 ) δu
These are five equations for five gauge invariant quantities, namely a potential Φ, the perturbation to the energy density δε (gi) and the three spatial components of the fluid four-velocity δu 
where δu i are the spatial components of the gauge dependent dimensionless four-velocity (in our notation: u (1)i ).
(In our approach a gauge independent velocity is not needed.)
In the non-relativistic regime we have δu (gi) i = 0, p 0 = 0, δp (gi) = 0,
so that the equations (279) reduce to 
Since Φ(η 0 , x) is not identically zero, one must have
This requirement is compatible with the zero order Einstein equation (274b) which reads, in the non-relativistic regime where p 0 = 0, 
i.e., the universe should not only be static, but also empty in order that the first order Einstein equations are identical to those of the Newtonian theory. It should not be concluded, however, that the approach of Mukhanov et al. is wrong. What one should conclude is, that it is not immediately clear from their approach that the Newtonian theory is valid in an expanding, nonempty universe. In fact, in their approach it is only true if the terms with H in Eq. (282a) are negligible small compared to the other terms. From our equations, it is immediately evident that in a non-empty, expanding universe, the Poisson equation is satisfied in the non-relativistic regime. In fact, our first order equation in question, Eq. (33), is identically equal to the Poisson equation, whereas Mukhanov et al. find the equation (282a) which has an extra term −3HΦ ′ − 3H 2 Φ, hindering a direct comparison of the non-relativistic limit of their perturbation theory and the Newtonian, Poisson equation based theory.
In conclusion: we have shown that the Poisson equation holds true in an expanding, non-empty universe. Mukhanov et al. find this same result only in case of an empty and static universe.
Appendix A: EQUATIONS OF STATE FOR THE ENERGY DENSITY AND PRESSURE
In our perturbation theory we have used an equation of state for the pressure of the form p = p(n, ε). In general, however, this equation of state is given in the form of two equations for the energy density ε and the pressure p which contain also the absolute temperature T : ε = ε(n, T ), p = p(n, T ).
(A1)
In principle it is possible to eliminate T from the two equations (A1) to get p = p(n, ε), so that our choice of the form p = p(n, ε) is justified. In practice, however, it may in general be difficult to eliminate the temperature T from the equations (A1). However, this is not necessary, since the partial derivatives p ε and p n (101), the only quantities that are actually needed, can be found in an alternative way. From Eq. (A1) it follows dε = ∂ε ∂n T dn + ∂ε ∂T n dT, 
where ε and p are given by (A1). In order to calculate the second order derivative p nn replace p in Eq. (A5a) by p n . For p εε replace p in Eq. (A5b) by p ε . Finally, for p εn ≡ p nε , replace p in Eq. (A5a) by p ε or, equivalently, replace p in Eq. (A5b) by p n .
Appendix B: GAUGE INVARIANCE OF THE FIRST ORDER EQUATIONS
If we go over from one synchronous system of coordinates with coordinates x to another synchronous system of coordinates with coordinatesx given by Eq. (8), we have ξ µ;0 + ξ 0;µ = 0,
as follows from the transformation rule (18) and the synchronicity condition (35). From this equation we find, using Eqs. (36), (38a), (38b) and (73) that ξ µ (t, x) must be of the form
where ψ(x) and χ i (x) are arbitrary functions -of the first order-of the spatial coordinates x. The fact that the gauge function ψ does not depend on the coordinate t anymore, as it did in general coordinates, see Eq. (10), is a consequence of the choice of synchronous coordinates for the original coordinates as well as for the transformed system of reference. It does not imply that the gauge invariant quantities ε gi (1) and n gi (1) are independent of transformations within a plane of synchronicity only. In fact, they have been shown to be gauge invariant under arbitrary coordinate transformations, and the fact that we are considering, from now on, only transformations that transform a synchronous system of reference to another synchronous system of reference does not take away, of course, this more general property of being invariant under arbitrary transformations (8) .
The energy density perturbation transforms according to (1a), where ε (0) is a solution of Eq. (179b). Similarly, the particle number density transforms according to (1b) where n (0) is a solution of Eq. (179c). Finally, as follows from (22), the fluid expansion scalar θ, Eq. (27c), transforms asθ (1) 
where θ (0) = 3H is a solution of Eq. (179a). The transformation rule (23) with V µ the four-velocity u µ , Eq. (70), implieŝ u 0
(1) (x) = u 0 (1) (x) = 0, (B4a)
where we used the expression (B2) for ξ i and (80). From (22) with σ = p, ε, or n and (100) we find for the transformation rule for the first order perturbations to the pressurep (1) = p εε(1) + p nn (1) .
(B5)
We want to determine the transformation rules for ϑ (1) and 3 R (1) . Since the quantities 3 R, (51), and ϑ, (56), are both non-scalars under general space-time transformations, the transformation rule (22) is not applicable to determine the transformation of their first order perturbations under infinitesimal space-time transformations x µ →x µ , (8) . Since u i (1) satisfies Eq. (168e), and since u i (1) transforms according to (B4), and since we know thatû i (1) satisfies Eq. (168e) with hats, one may verify, using (B5), that
satisfies Eq. (187c) with hatted quantities. The quantitŷ ϑ (1) is defined in analogy to ϑ (1) in (96)
Apparently, ϑ (1) transforms according to (B6) under arbitrary infinitesimal synchronicity preserving space-time transformations. Similarly, one may verify that satisfies Eq. (188). Apparently, (B8) is the transformation rule under arbitrary infinitesimal synchronicity preserving space-time transformations. An alternative way to find the results (B6) and (B8) is to writeθ (1) = ϑ (1) −f and 3R (1) = 3 R (1) − g, where f and g are unknown functions, to substitute, thereupon,θ (1) and 3R (1) into Eqs. (187c) and (188), and to determine f and g such that the old equations (187c) and (188) reappear. In fact, our approach to defineθ (1) , (B6), and 3R (1) , (B8), is nothing but a shortcut to this procedure.
It may now easily be verified by substitution that if ε (1) , n (1) , θ (1) , ϑ (1) , and 3 R (1) are solutions of the system (187)-(188), then the quantitiesε (1) , (1a),n (1) , (1b),θ (1) , (B3),θ (1) , (B6), and 3R (1) , (B8), are, for an arbitrary function ψ(x), also solutions of this system. 
